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Abstract:

This paper deals with the problem of obtaining non-zero distinct integer solutions to the
non-homogeneous binary quadratic equations with two unknowns y? = 35x? + 1. A few interesting
properties among the solutions are given. The construction of second order Ramanujan Numbers
is illustrated. Employing the linear combination among the solutions of the given equation, integer
solutions for other choices of hyperbola & parabola and a few relations among special polygonal

numbers are obtained.
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INTRODUCTION:

The binary quadratic equation of the form y? = Dx? + 1, where D is non-square positive
integer has been studied by various mathematicians for its non-trivial integral solutions when D
takes different integral values [1-4]. For an extensive review of various problems, one may refer
[5-13]. In this communication, yet another interesting hyperbola given by y? = 35x2 + 1is

considered and infinitely many integer solutions are obtained. A few interesting properties among
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the solutions are obtained. Further, employing the solutions of the above hyperbola, we have

obtained solutions of other choices of hyperbola and parabola.
METHOD OF ANALYSIS
The Positive Pell equation representing hyperbola under consideration is
y2=35x2+1 Q)
Whose smallest positive integer solutions is
Xo=1;y,=06
Whose general solution given by

1 o~ _1
Xn = Tﬁgmyn - Efn
Where
f,=(6+v35)" +(6- v35)"
gn = (6 + V35)™! — (6 — V35)"*!

The Recurrence relation satisfied by x and y are given by
Xn+z — 12Xp4 + x5 =0,

Vnt2 — 12Vni1+ v = 0, wheren =0, 1, 2,

A few numerical examples are given in the following table.1

Table: 1 Numerical values

n xn yn

0 1 6
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1 12 71

2 143 846

3 1704 10081
4 20305 120126
5 241956 1431431

From the above table we observe some interesting properties among the solutions which are

presented below:

1. Relations between solutions

Xn+3 = 12Xp4p + Xp41 =0
Yn+1 — Xn42 + 6Xpy1 =0

Yn+z = 6Xn4z2 + Xnyq =0

Yn+3 = T1xp4p + 6Xp4q =0
2Xni2 — %[xn+1 + Xn43] =0
2Yns1 = § s = Tlxnya] = 0

2Yn+2 = Xn43 tXpy1 =0
1
2Yn43 — 5 [71xp45 — xp41] =0
Xn+2 = 6Xpi1 — Yns1 =0
Xn+3 = T1xp41 —12yp49 =0
Yn+2 = 6Yn1 — 35%p41 =0
Yn+3 = 71Yn41 — 420xp49 = 0
1
Xn+2 7 3 [Xn41 + Yna2]l =0
Xn+3 = Xpt1 — 2Yn42 = 0

1
2Yn41 — 3 [yn+2 - 35xn+1] =0

vV V ¥V VY VY V V V ¥V ¥V VYV VY VYV V V V

1
2Yni3 — 3 [71yn42 + 35%041] = 0
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1
2Xpy2 — 1 [12xp41 + 2Yn43] =0
1
Xn+3 — 77 [Xn41 + 12Yn43] =0

1
Yn+1 — 71 [yn+3 - 4‘20xn+1] =0

YV V V VY

1
Yn+2 — 1 [yn+3 - 35xn+1] =0

2. Each of the following expressions represents a Perfect square integers:

2Yons1 + 2
[24y20n42 — 2Y2n+3] +2

1
P [2Y2n42 — 70x2541] + 2

[6Y2n+2 — 70x3p42] + 2

1
’rl [142y5p42 — 70x2,43] + 2
1
- [2Y2n43 — 840x5p,41] + 2
[2Y2n+3 — 140x5,4,] + 2

[142y3p43 — 840x3p43] + 2

[12x5541 + 2Xp42] + 2

1
P [2%2n43 — 14225p11] + 2

[12x2n+1 - 14“2962n+2] +2

YV V vV V V ¥V YV V V VYV V

3. Each of the following expressions represents a cubical integers

> Z.V3n+2 + 6Yn
» 24y3n13 — 2Y3n4a + 72Yn41 — 6Ynao
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1

e [2Y3n+43 = 70X3p42 + 6Yn41 — 210x,]

6Y3n+3 = 70x3pn43 + 18Yn4q1 — 212544

1

c[142y3045 = 70x3544 — 426Yn1q + 210xp,,]

1
1 [2Y3n4a — 840X3n42 + 6Yniz — 2520x,]

2Y3pn+q — 140x3043 + 6Yn42 — 420x744
142y3n+a — 840x3544 + 426515 — 25204

12x3n42 — 2X3n43 + 36X, — 6X41
1
5 [2%3n42 = 142X3043 + 6Xnip — 426x,]

1ZX3n+2 - 142.X3n+3 + 36xn+2 - 426xn+1

4. Each of the following expressions represents a Bi-quadratic Integer

YV V VYV V V VYV Y V V VYV V

2Yan+3 + 167 — 2

24[Ynsa = 2YVanss] + [96Y2n42 — 8Yani3] + 6

1

P [[2YVan+a — 70x4n43] + [BYans2 — 280x2,44] + 6]

[6y4n+4 - 70x4-n+4-] + [24y2n+2 - 28xZn+2] +6
1
c[142Y4n+4 — 70X4n45] — [568Yaniz + 28xpn 3] + 6]

1
1 [[2YVan+s — 840x4n43] + [8Y2n+3 — 3360x2,43] + 6]

2[Yanss — 140x4n44] + [8Y2n43 — 560x5p4,] + 6
[142y4p45 — 840x4n45] + [568Y2n43 — 3360x2,43] + 6

[12x4n13 — 2X4n4a] + [48X2p41 — 8X2pyn] + 6
1
12

[12%4n+3 — 142x4n44] + [48X2n11 — 568X2n42] + 6

[[2x4n+3 - 14'2x4n+4»] + [8x2n+1 - 568x2n+2] + 6]

5. Each of the following expressions represents a Quintic Integer:

© 2026, IRJEAT Volume: 09 Issue: 02 |Feb-2026

279


https://www.irjweb.com/viewarchives.php?year=2025

1\

IRJEAT

vV VYV VYV V VY

YV V ¥V VYV VY VY

International Research Journal of Education and Technology

Peer Reviewed Journal, ISSN 2581-7795

[2Ysn+a + 5(2yn)* = 5(2yn)

[24Ysn+s = 2Vsnes] + 5[24yne1 = 2¥nez I° = 5[24yns1 = 2¥nee]

6 [2Ysnsa = 70%5014] + 5[ [2yne1 — 702 ¥ = 5[ (21 = 702)]

[6Ysn+s5 — 70%sn45] + 5[6Vnt1 — 702041 1° — 5[6¥n41 — 70x744]

& (142505 = 70xsn16] + 5[5 [142941 = 70001 1° = 5[5 (142901 — 70xn42)]
71 [2Vsnss = 840xsnsa] + 5[5 [(2Vnsz — 8402,)]° = 5[ (2Ynsz — 840x,)]

[2y5n+6 - 14‘OySn+5] + S[Zyn+2 - 14‘Oxn+1]3 - 5[2yn+2 - 14'Oxn+1]
(1425346 — 840Ysns6] + 5[142)51 — 840X545]° — 5[142y54 — 840%,45]
[12x5n+4 - 2xSn+5] + 5[(12xn - 2xn+1)]3 - 5[(12xn - 2xn+1)]

1 1 1
g [x5n+6 - 71x5n+4] + 5[5 [(xn+2 - 71xn)]3 - S[E (xn+2 - 71xn)]

[12X5n4+6 — 142X5p45] + 5[(12x542 — 14‘2xn+1)]3 — 5[(12xp42 — 142xp44)]

280

© 2026, IRJEAT Volume: 09 Issue: 02 |Feb-2026


https://www.irjweb.com/viewarchives.php?year=2025

@,
J
ILLYZI\JI International Research Journal of Education and Technology
IRJEAT

Peer Reviewed Journal, ISSN 2581-7795

6. Construction of second order Ramanujan Number:

The process of obtaining second order Ramanujan Number from suitable choices of x and y is

illustrated through an example below.
From
x1 - 12

=12*1 =4*3=6*2

From A = B consider the relation
124+ 1)+ (4-3)>= (12— 1)>+ (4 +3)?
(13)2+ (12 =(11)2% + (7)? =170

From A = C consider the relation
(12+1)?+(6—-2)>= (12— 1)2+ (6 +2)
(13)2 + (4)2 = (11)? + (8)? =185

From B = C consider the relation
(4+3)2+(6—-2)2= (4—3)>+(6+2)?
(72 + (4)% = (1)% + (8)% =65

Each of the numbers 170,185,65 is expressed as sum of two squares in two different ways.

Thus the above number are second order Ramanujan Numbers.
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REMARKABLE OBSERVATIONS:

1. Employing linear combinations among the solutions of (1), one may generate solution

for other choices of hyperbola which are presented in table :2 below

Table: 2 Hyperbola

S.No Hyperbola (X,Y)
1. 35X%2 — Y2 =35 X =y
Y =yne1 — 61
2. 5040X2 — Y2 = 5040 X=y,
Y = Yn+2 — 71yn
3. X%2-35Y2=1 X =y
Y =x,
4, 36X% —35Y? =36 X =yn
Y = Xn+1 — Yn
5. 5041X? — 35Y% = 5041 X=y,
Y = Xn+2 — 12yn
6. 35X% —Y? =35 X = (6Ynt1 — Yn+2)
Y = (6Yn+2 = 71Yn42)
7. 36X2% — 504072 = 144 X = (Ype1 — 35%,)
Y =x,
8. X2—-35Y2=1 X = (3Yn+1 — 35xp41)

Y = (6xp41 — Yn+1)
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9- X2 - 35Y2 = 36 X = (71yn+1 - 35xn+2)
Y = (36xp412 —72yn41)
10. X? —176435Y? = 5041 X = (Yns2 — 420x,,)
Y =x,
11. X?>—-35Y%2=36 X =(36y,42 — 2520xn+1)
Y = (71xn+1 - yn+2)
12. X?—-Y%2=14 X =(142y,4, — 840xn+2)

Y = (142%n4, — 840y,5)

13. 35X2 — 1225Y2 = 35 X = (6xy — Xp41)
Y =x,
14. X2 — 210Y2 =6 X = (Xp42 — 71xy)
Y =x,
15. X2 - 35yY2=1 X = (6Xp10 — 71xp41)

Y = (12x341 — Xn+2)

2. Employing linear combinations among the solutions of (1), one may generate integer solutions

for other choices of parabola which are presented in Table:3 below:

Table:3 Parabola

S.No Parabola (X,2)
1. | 70X — 4Z% = 140 X=ons1 + 1)
Z = (Yn+1 — 6Yn)
Z = Yns2 — 71yn)
3. |x-7022=2 X=ops1 + 1)
Z =70x,
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4. 18X - 3522 = 36 X = ( 2n+1 + 1)
Z = (Xp41— Yn)

5. | 5041X — 70Z2 = 5041 X = (Yomes + 1)
Z = (2xp42 — 12yy)

6. 35X - 2Z2 == 14‘0 X == ( 2y2n+2 - y2n+3 + 1)
Z = (6Yn+2 — 71yny1)

7. X - 84022 = 12 X == ( y2n+2 - 70x2n+1)
7 =

8. X — 7022 =2 X = (3y2n+2 - 35x2n+2 + 1)
Z = (6xXpt1 — Yns1)

9. X — 7022 =12 X = (71y2n+2 - 35x2n+3 + 1)

Z = (6xp42 — 12Y544)

10. X — 994022 = 142 X = (Yansz — 420x5,41 + 1)
Z=x,
11. X —35Z%2=12 X = (6Yon43 — 420x5,4, + 1)

= (142xp41 — 2Yn42)

12. X - 2Z2 = 2 X = (71y27'l+3 - 4‘20X2n+3)
Z = (T1ny2 — 420y1)

13 X — 7022 =2 X = (6X2n+1 - X2n+2 + 1)
Z=x,

14. X — 10522 =3 X = (x2n+1 - 71x2n+2 + 1)
Z=x,

15 X—-70 ZZ =2 X = (6x2n+1 - 71x2n+2 + 1)

Z = (12xp41 — Xn42)
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CONCLUSION:

In this paper, we have presented infinitely many integer solutions for the hyperbola
represented by the positive pell equation y2 = 35x2 + 1. As the binary quadratic Diophantine

equations are rich in variety, one may search for the other choices of positive pell equations and

determine the integer solutions along with suitable properties.
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